Electric behavior of biological cells is driven by ion transport through the membrane induced by specific proteins. The cable model classically describes the membrane potential dynamics by analogy with an electrical circuit. We show the failure of this description when the various ion species get different diffusion times. The pertinent parameter which describes the membrane electrical stability is not its global differential conductance but an effective conductance taking the diffusion into account. For a membrane with a positive global differential conductance we predict a striking linear instability with formation of a periodic pattern reminiscent of biological observations. [S0031-9007(98) PACS numbers: 87.10. + e, 47.20. -k, 66.10. -x Membranes of biological cells elicit numerous spatiotemporal phenomena revealed by a specific electric activity. Transcellular ionic currents illustrate clearly such a phenomenon. They are of paramount importance in various biological events such as polarization [1] , acquisition of nutriments, growth, and morphogenesis [2] . Cells possess a membrane mainly constituted of lipids and proteins. The passive (channels) or active (pumps) transport proteins generate differences in the ion concentrations and in the electric potential between the media separated by the membrane. In general the electric potential is lower in the intracellular medium; the membrane is polarized. The current production depends on the conductance of the membrane to the different ion species. In the steady state the local ionic influx compensates the ionic efflux. This is no more the case in some processes such as in plants. A first example concerns the dipolar circulation observed in the Fucus egg sometimes after its fertilization [1] . Another illustration is given by the apparition of bands in the Chara corallina alga [3] . It is associated with a pH modulation of 4 orders of magnitude on a characteristic length between 1 mm and 1 cm. The characteristic time is of the order of 30 min. What is at the origin of this self-organization is still more or less hypothetical. The main issue is to understand how those stationary macroscopic currents do emerge. Presumably the symmetry breaking is the signature of a dynamical instability at the origin of the current production. Several mechanisms have been proposed; some of them are related to the migration of the transport proteins in the membrane [4] [5] [6] . In this paper we do not consider such processes but focus on an original phenomenon linked to the specific properties of the membrane conductance.
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In 1952, Hodgkin and Huxley proposed a description of the propagation of the action potential in the giant squid axon. In their seminal and now classical work the electric behavior of the nervous membrane is mimicked by an electric circuit [7] . The trick is to reproduce by analogy with simple electric elements the current crossing the membrane; see Fig. 1 . It results from the contributions of the membrane's various elements: lipid bilayer and proteins. The ionic permeability of the lipid bilayer is negligible (several orders of magnitude) compared to that of proteins responsible for the transmembrane transport. The total density current I flowing through one surface element of the membrane is modeled with the use of (i) a capacitance simulating mainly the role of the lipid bilayer in parallel with (ii) a conductance taking into account the ion movements through the channels, and (iii) a current specific of the pump action which sustains the difference in electrochemical potential on both sides of the membrane. It summarizes I C m ≠V ͞≠t 1 I m , where C m is the membrane capacitance and I m I pumps 1 I channels . The intensity resulting from a net transfer of ion j (by diffusion or more complex process) through the channel proteins is characterized by the membrane conductance G j which leads to the expression I channels P G j ͑V 2 E j ͒. The meaning of the battery voltage E j is simple; it corresponds to the membrane voltage V necessary to quench the current due to ion j, if its concentration differs on both sides of the membrane (1)] results from the combination of both relations [7, 10] .
which is usually the case. The global membrane electric behavior then results from the coupling of such basic elements: capacitance, conductance, and pump current generator. The propagation of the current along the electric cable, simulating the cylindrical membrane (z is the coordinate along the cell axis), then simply results from Kirchhoff law:
where R is the cytoplasmic resistivity and R the radius of the cable (see Fig. 1 for details).
Since this pioneer description the cable model has been widely used to describe more general electric phenomena in biological cell membranes. However, despite its beauty and simplicity, attention has to be paid to the pertinence of its utilization. Indeed in the cable model the force which generates the ionic current is due to the electric potential. It neglects currents due to concentration gradients in the electrolytes. The very nature of the different ionic species is taken into account only through their weighted
is the Debye length, z j , c 0 j , and D j are, respectively, the valence, the concentration, and the diffusion coefficient of ion j; the summation on the same indices is implicit as hereafter). As pointed out in [8] the cable model fails to describe the propagation of the action potential in dendrites and spines, situations where concentration gradients become large. In fact in stationary instabilities currents due to concentration gradients or due to electric field are of the same importance. This point is specially important when the diffusion differs for the various ion species. Indeed in the electrolyte where electroneutrality is more or less satisfied outside the Debye layer, the electric current reads I E 2F͑D 1 2 D 2 ͒z 1 =c 1 2 =w͞R, where w is the electric potential and F is the Faraday constant (for simplicity's sake we assume, as in the following, that only two ion species are present, i.e., j 1, 2). The second term of this expression is the Ohm relation and corresponds to that taken into account in the cable model. The first term emerging when D 1 fi D 2 enhances the important contribution of relative ion diffusion. The goal of this paper is to show that diffusion currents, induced by concentration gradients, may also strongly affect the electric stability of the membrane.
The stability is studied for the membrane potential normal modes of the form dV ϳ A exp͑ikz͒ exp͑vt͒. Let us introduce the total differential conductance G D1 1 G D2 ≠I m ͞≠V P G j 1 ͑V 2 E j ͒≠G j ͞≠V 1 ≠I pumps ͞≠V of the membrane which depends on the specific differential conductances G Dj of each ion j. G Dj is the leading parameter of the electric dynamics of the membrane; it describes the characteristic features of the intimate relation between current flow and voltage solicitation. The disper-
cates that the membrane potential is stable when G D1 1 G D2 . 0. In fact, it is known that the aperture of some channels may depend on the membrane voltage leading to negative differential ionic conductances G Dj . This is the case for voltage gated channels [9] . When G D1 1 G D2 , 0 the membrane potential is unstable; a depolarization of the membrane dV . 0 induces an influx of current dI m ͑G D1 1 G D2 ͒dV , 0 which amplifies the initial depolarization. Let us emphasize that, as shown in [10] , the evolution of the membrane potential results from a nonlinear analysis. The final state then corresponds to another potential but with no electric current. As a result the cable model yields a very simple criterion of electric instability (or stability) of the membrane potential:
. We now want to show how this condition is affected when diffusion processes are taken into account. The striking result is that this simple criterion fails and that an instability may occur even with G D1 1 G D2 . 0 as we shall now demonstrate.
The framework of our analysis is the biomembrane electrodiffusive model [10] which describes the dynamics of all ions both in the electrolytes and through the membrane. The initial state is described by the electric potential and the ionic concentrations inside and outside the cell (noted i or e hereafter). Its determination is a complex problem since equations are nonlinear. In the limit of small membrane potential, electrodynamic equations may be linearized. Then the electric potential and the concentrations c 0 j of the different ionic diffusive species j may be considered as constant in the initial state (denoted as 0) except in the narrow (few manometers) Debye layer close to the membrane. Stability of the initial state is analyzed by considering the evolution of fluctuations of the electric potential dw and of the concentrations dc 1 , dc 2 . Linearized electrodynamic equations are written, in a generic way, for both media separated by the membrane of thickness d ø R. We also use the cylindrical coordinates. 
Let us expand potential and concentration fluctuations in normal modes of the type du i or e P 3 j1 3 a i or e j B 0 ͑s j r͒ exp͑ikz 1 vt͒, where the Bessel functions are, respectively, I 0 or K 0 for the inner and outer fluctuations. The resolution of Eqs. (2) and (3) is rather tedious but straightforward. We just outline the main steps of the derivation. The first argument s 1 k contributes only to dw. For dc j , a 1 ϵ 0. The two other arguments s 2 and s 3 are obtained from the resolution
In the limit k ø x the two first modes which contribute are s 1 k, s 2 ϳ x. The value of the third one s 3 will depend on the typical regime, electric or diffusive, concerned in the instability as we shall see later. The complete solution results from the determination of all coefficients a i or e j for all fluctuations, obtained with use of the electric boundary conditions:
where we recognize the membrane capacitance C m m ͞d. The second equation of (4) results from the neglect of the normal variation of the electric field inside the membrane and is valid in the limit d͞R ø 1. It is just a local relation of capacitive nature relating the membrane potential to the charge inside the Debye layer. As claimed above we restrict our analysis to the frame of the cable model, i.e., the transferred currents only depend on the membrane voltage and are characterized by the control parameters G Dj . The current density I mj ͑V ͒ transmitted for ion j through the membrane in the normal direction ͑Ќ͒ satisfies the conservation law of the ionic fluxes on both sides of the membrane in the internal and external media:
Using the appropriate variables du F͑z 1 dc 1 1 z 2 dc 2 ͒͞´x 2 and dw F͑z 1 D 1 dc 1 1 z 2 D 2 dc 2 ͒͞´x 2 D w boundary conditions involving the continuity of the flux at the membrane reduce to 2Q a dV ≠da͞≠r 1 ≠dw͞≠rj i or e , for a u or w ,
where
The dispersion relation, obtained from the resolution of Eqs. (2)- (6), is a very complicated implicit relation of v. In order to compare with the cable model results, we focus here on its domain of validity, i.e., the large wavelength limit kR ø 1.
First of all let us emphasize that for G D1 1 G D2 , 0 we obtain, after a bit of juggling, the growth rate expression of the unstable mode. For this mode s 3 R . 1 and in the limit´x͞C m ¿ 1 we get
Recalling that R 1͞´x 2 D w we recognize the electric mode already exhibited in the cable model.
The more outstanding situation concerns the case G D1 1 G D2 . 0 where no instability is expected in the cable model. Although the electric mode is stable we predict an instability for a diffusive mode when 
which makes explicit that the membrane voltage is unstable for k , k c ͑22Q u ͞R͒ 1͞2 ; see Fig. 2 for a typical dispersion relation. Let us emphasize that although the phenomenon is of electric nature its characteristic time is diffusive as shown in Eq. (7). The final state exhibits a spatial modulation of the potential and of ionic currents.
Let us now describe the instability mechanism. The two conditions G D1 ͞D 1 1 G D2 ͞D 2 , 0 and G D1 1 G D2 . 0 imply that the two ionic conductances are of opposite sign. Let us assume G D1 , 0, G D2 . 0 which also imposes D 1 , D 2 and G D2 . 2G D1 . When D 1 D 2 the mechanism is simple and follows the cable description; a depolarization ͑dV . 0͒ induces through the membrane two ionic currents of opposite sign and weighted by their respective conductances. The current due to ion 1, which is the weakest, has a destabilizing influence contrary to that of ion 2, which is the strongest and has a stabilizing influence. As a result the total current dI m dI m1 1 dI m2 . 0 is an efflux and decreases the total internal charge dr , 0. As the membrane behaves mainly like a capacitance the internal charge decline repolarizes the membrane. The membrane potential is then stable. The situation changes when D 1 fi D 2 . Diffusion damps the charges injected in the electrolytes by the transport proteins as revealed in the expression of Q u . As ion 2 diffuses more rapidly than ion 1 the internal charge dr 2 ϳ 2dI m2 ͞D 2 , 0 (stabilizing effect) induced by dI m2 is more damped than that dr 1 ϳ 2dI m1 ͞D 1 . 0 (destabilizing effect) induced by dI m1 . As a result the total charge fluctuation is dominated by that of ion 1. There is an excess of internal charge which amplifies the initial depolarization of the membrane. The membrane potential is then unstable. The numerical evaluations of the characteristic time and wavelength need to take into account many other secondary effects as geometry, chemical reactions, and the peculiar characteristics of the cell, which modify the magnitude but not the intrinsic nature of the instability [11] .
In conclusion the cable model describes in a simple and global manner the membrane potential dynamics but neglects diffusion due to ionic concentrations. It is not adapted to study situations where the relative diffusion of ions is important. To overcome this inadequacy we use a semimicroscopic approach where the electrodiffusion of ions is taken into account in intra-and extracellular media. This model enlightens the interplay between conductive and diffusion effects. Electric potential and concentration boundary conditions determine the electric response of the membrane. It mainly behaves like a capacitance with a charge density located in the Debye layers. The important feature is that the currents of each ion species transmitted by the membrane induce charge densities damped by diffusion. We show that the pertinent parameter which determines the membrane electrical stability criterion is not the global membrane differential conductance, as elicited in the cable model, but an effective conductance taking the diffusion into account. More precisely we predict the striking occurrence of an instability, with a periodic pattern of currents as observed experimentally, for a membrane with a positive global differential conductance. This result is beyond the prediction of the cable model classically used.
